Long-range order is proved to exist for lattice linear oscillator systems with ferromagnetic potential energy containing a term with strong nearest-neighbor (n-n) quadratic pair potential. A contour bound and a generalized Peierls argument are used in the proof.
Introduction and Main Result
The corner stone of a generalized Peierls argument, which is a scheme for proving existence of lro (long-rangeorder) in different n-n (nearest-neighbor) systems, is a contour bound (see [1] ). For ferromagnetic linear oscillator systems with n-n pair quadratic interaction potential, Bricmont and Fontaine [2] proposed a remarkably simple derivation of the contour bound based on an application of the Griffiths -Kelly -Sherman (GKS) inequalities [3, 4] . However, they did not prove the existence of lro with its help.
In this paper, we prove the existence of lro in ferromagnetic linear oscillator classical systems with n-n pair quadratic interaction potential using the generalized Peierls argument and the BF (Bricmont -Fontain) contour bound (see Remark 1). We assume that the strength g of the n-n interaction is large and that it determines the depth of minima (wells) of the effective external field u 0 , which is a polynomial bounded from below. Lro is proved to occur at arbitrary temperature for sufficiently large g. Our argument is based on determining an asymptotics in g for the integral on the right-hand side of the BF contour bound.
For linear oscillator systems in which the oscillator variables q x ∈ R are indexed by the sites x of the hypercubic lattice Z d , characterized by the potential energy U, the contour bound is given for the set Γ of n-n by
where · Λ denotes the Gibbs average for the system confined to a compact domain Λ (hypercube) with |Λ| sites,
β is inverse temperature, the integration is carried out over R |Λ| , χ (a,b) For the BF contour bound, the following equalities are valid (the proof is given at the end of this paper):
where g is the strength of the n-n pair quadratic interaction, u(q, q ) is the potential energy of two oscillators, containing only the sum of the external potentials u(q) and the n-n pair quadratic potential, and
Let σ x (q Λ ) = q x , Then the ferromagnetic lro occurs in the system if, for a positive a independent of Λ, the following inequality holds for all x, y ∈ Λ :
where f is a measurable function. In the simplest cases, f (q) = q (see [1] ) and f (q) = q |q| . The derivation of (2) from (1) is easier for the latter option and if one proves (1) for it, then there are bounds that allow one to prove (2) for the first one (see [1] ). Inequality (2) indicates that there is no decrease in correlations. It does not hold for the systems at high temperatures or weak pair interaction with the following potential energy:
where the external field u and pair (binary) potentials u x satisfy certain conditions [5] that are stronger than the condition of superstability [6] . In [5] , a reader will find a proof that, in the high temperature phase, there is a decrease in correlations for such potentials. We consider the following ferromagnetic potential energy (as in [2]):
U (q Λ ) = 
